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"^ 1 Introduction 

1.1 Overview 

^ ! The Gromov-Witten theory of a 3-fold X is defined via integrals over the 

^ I moduli space of stable maps. The Donaldson-Thomas theory of X is defined 

^ ' via integrals over the moduli space of ideal sheaves. In ^^, a GW/DT 

\Q • correspondence equating the two theories was proposed, and the Calabi-Yau 

O . case was presented. We discuss here the GW/DT correspondence for general 

2 : 3-folds. 

"^ I Let X be a nonsingular, projective 3-fold. Insertions in the Gromov- 
'^ I Witten theory of X are determined by primary and descendent fields. Inser- 
ts ■ tions in the Donaldson-Thomas theory of X are naturally obtained from the 
Chern classes of universal sheaves. We conjecture a GW/DT correspondence 



for 3-folds relating these two sets of insertions. 
r> I Let S* C X be a nonsingular surface. The Gromov-Witten theory of 

cd ' X relative to 5* has been defined in J3J |H1 021 ^j- The relative constraints 

are determined by partitions weighted by cohomology classes of 5*. A rela- 
tive Donaldson-Thomas theory has been defined by J. Li [13]. The relative 
constraints are determined by cohomology classes of the Hilbert scheme of 
points of S. We propose a GW/DT correspondence in the relative case re- 
lating the Gromov-Witten constraints to the Donaldson-Thomas constraints 
via Nakajima's basis of the cohomology of the Hilbert scheme of points. 

In the last Section of the paper, independent of the conjectural framework, 
we study the Donaldson-Thomas theory in degree using localization and 



relative geometry. We derive a formula for the equivariant vertex measure in 
the degree case and prove Conjecture 1' of [H] in the toric case. A degree 
relative formula is also proven. 
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2 The GW/DT correspondence for 3-folds 

2.1 GW theory 

Gromov-Witten theory is defined via integration over the moduli space of 
stable maps. Let X be a nonsingular, projective 3-fold. Let Mg^ri^, P) 
denote the moduli space of r-pointed stable maps from connected, genus g 
curves to X representing the class (3 G H2{X, Z). Let 

ev, :M,,,(X,/?)^X, 

denote the evaluation maps and cotangent lines bundles associated to the 
marked points. Let 71, . . . , 7^ be a basis of H*{X, Q), and let 

^i = Ci{L,) eMg,niX,/3). 

The descendent fields, denoted by Tkiji), correspond to the classes ip^ev*{pfj) 
on the moduli space of maps. Let 



j=l 



denote the descendent Gromov-Witten invariants. Foundational aspects of 
the theory are treated, for example, in [H |2l E] . 

Let C be a possibly disconnected curve with at worst nodal singularities. 
The genus of C is defined by 1 — x(Cc')- Let M^^^(X, /3) denote the mod- 
uli space of maps with possibly disconnected domain curves C of genus g 
with no collapsed connected components. The latter condition requires each 
connected component of C to represent a nontrivial class in H2 (X, Z) . In 
particular, C must represent a nonzero class /?. 

The descendent invariants are defined in the disconnected case by 

Define the following generating function, 

r r 

1=1 g£Z i=l 

Since the domain components must map nontrivially, an elementary argu- 
ment shows the genus g in the sum (Q) is bounded from below. The descen- 
dent insertions in (^Q) should match the (genus independent) virtual dimen- 
sion, 



dim[M;,(X,/3)]"'-= /ci(Tx)+r. 

J0 



'/3 

Following the terminology of J3] , we view (^ as a reduced partition function. 

2.2 DT theory 

Donaldson-Thomas theory is defined via integration over the moduli space 
of ideal sheaves. Let X be a nonsingular, projective 3-fold. An ideal sheaf 
is a torsion-free sheaf of rank 1 with trivial determinant. Each ideal sheaf I 
injects into its double dual. 

As X^"^ is reflexive of rank 1 with trivial determinant, 



jvv -^ 



X, 



see [T7j. Each ideal sheaf X determines a subscheme Y C X, 

0^1 ^ Ox ^Oy ^0. 

The maximal dimensional components of Y (weighted by their intrinsic mul- 
tiplicities) determine an element, 

[Y]eH,{X,Z). 

Let In{X,P) denote the moduli space of ideal sheaves I satisfying 

x{Oy) = n, 

and 

[Y]=PeH2{X,Z). 

Here, x denotes the holomorphic Euler characteristic. 

The Donaldson-Thomas invariant is defined via integration against virtual 
class, 

[inix,p)r\ 

Foundational aspects of the theory are treated in P^ 120] . 
Lemma 1. The virtual dimension of In{X,j3) equals j'ci{Tx). 
Proof. The virtual dimension, obtained from the obstruction theory, is 

x(Ox,Ox)-x(X,X), 
where 

3 

x(AS) = E(-i)'d™ExtXA,5). 

j=0 

Since X is a nonsingular 3-fold, there exists a finite resolution of X by locally 
free sheaves, 

-, F3 -> F2 ^ Fi ^ Fo ^ X ^ 0. 

Let Xij denote the Chern roots of Fi. Since the determinant of X is trivial, 

3 

i=0 j 



Since the fundamental class oi Y is P, 

-Ch2{l) = ch^iOy) = p. 

We will calculate the virtual dimension in terms of the Chern roots via 
GRR. The first term is, 

Xi0x,0x)= /Td(X). (2) 

Jx 

Next, 

-X(X,J) = - f (X^ J](-ire--0 ■ (X^ J](-ire-^3) .Td(X). 

Since the Chern root expression in the integrand is even, only the components 
in degrees and 2 need be considered. The degree component is equal to 1, 
the square of the rank of X. The integral of the degree component against 
Td(X) cancels the first term (j21). The degree 2 component is 




i,i=0 hj 



The second term on the right equals the square of the determinant of X and 
hence vanishes. We conclude the virtual dimension equals 



- / 2ch2(X)-Td(X)= / ci(X) 

Jx J 13 

since the degree 1 term of Td(X) is ci(X)/2. D 

The moduli space In{X, j3) is canonically isomorphic to the Hilbert scheme 
[T3] . As the Hilbert scheme is a fine moduli space, universal structures are 
well-defined. Let tti and 112 denote the projections to the respective factors 
of In{X,j3) X X. Consider the universal ideal sheaf 3, 

3^In{X,f3)xX. 

Since 3 is vri-flat and X is nonsingular, a finite resolution of 3 by locally free 
sheaves on /„(X, j3)xX exists. Hence, the Chern classes of 3 are well-defined. 



For 7 G H\X,Z), let chfc+2(7) denote the following operation on the 
homology of /„(X,/?): 

chfc+2(7) : H4ln{X,(3),Q) -^ H,^2k+2-l{In{X,f3),Q), 

chfe+2(7)(0 = 7ri*(chfe+2p) • 7r2*(7) H 7r*(0). 

We define descendent fields in Donaldson-Thomas theory, denoted by 
ffc(7), to correspond to the operations (— l)'^"''^chfc+2(7). The descendent 
invariants are defined by 

{fkAlh) ■ ■■rkAllr))n,(3 = / r[(-l)'=»+^chfc^+2(7/J, 

where the latter integral is the push-forward to a point of the class 

(-l)'=^+lch,,+2(7/J O ■■■ O (-l)'='+^ch,„+2(7^j([/n(X,/5)]«^). 

A similar slant product construction can be found in the Donaldson the- 
ory of 4-manifolds. Since the Chern character contains denominators, the 
descendent invariants in Donaldson- Thomas theory are rational numbers. 

Define the Donaldson-Thomas partition function with descendent inser- 
tions by 

r r 

i=l neZ 1=1 

An elementary argument shows the charge n in the sum (jS)) is bounded from 
below. As before, the descendent insertions in Q should match the virtual 
dimension. 

The reduced partition function is obtained by formally removing the de- 
gree contributions. 



r 






i=i /3 ^DTiX;q)o 

The degree partition function is determined by a conjecture of 
Following the Calabi-Yau case, we conjecture the series Z^^ to be a rational 
function of q. 
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Conjecture 1. The degree Donaldson- Thomas partition function for a 
3-fold X is determined by: 

where 

M(q) = n ^—— 

n>l ^ ^ ' 

is the McMahon function. 

Conjecture 2. The reduced series Z'^j,(X;g | 111=1 ^fe^ (7/ J) ^ is a rational 
function of q. 

2.3 Primary fields 

The GW/DT correspondence is easiest to state for the primary fields to(7) 
and To (7). 

Conjecture 3. After the change of variables e*'" = —q, 

\ i=i / p \ i=i / p 

where d = J^ci{Tx). 

Conjecture 3 is consistent with the calculation of degenerate contributions 
in [1^. Let C be a nonsingular, genus g curve in X which rigidly intersects 
cycles dual to the classes 7;^, ■■■■yi^- The local Gromov-Witten series is 
determined in [THj . 

\ i=l J [C] ^ ' ^ 

The local Donaldson-Thomas series is then predicted by Conjecture 3, 

ZVU;gin^o(7j = {-^u)\-qY"{^ -^ 

= q^-'{l + qf'-^^^ 



The normalizations and signs in Conjecture 3 are fixed by the requirement 
that the reduced partition function Z'^^^ has initial term q^~^ corresponding 
to the ideal of C . 

If the cohomology classes 7, are integral, the Donaldson-Thomas invari- 
ants for primary fields are integer valued. The integrality constraints for 
Gromov-Witten theory obtained via the GW/DT correspondence for pri- 
mary fields were conjectured previously in P^ ll9j. 

2.4 Descendent fields 

For fixed curve class /3, consider the full set of (normalized) reduced partition 
functions, 

where d = J^ci{Tx) as before. Here, Z'gw,/^ consists of the finite set of 
descendent series with insertions of the correct dimension. The set Z'gw,i3 is 
partially ordered by ^ /cj, the descendent partial ordering. Similarly, let 



Z' 



DT,f3 



[i-q)-'^'^'DT{X;q\ U^kXlk))^]- 



Conjecture 4. After the change of variables e™ = —q, 

(i) the sets of functions Z'gw,i3 and Z'dt,/^ have the same linear spans, 

(ii) there exists a canonical matrix expressing the functions Z'gw,i3 as linear 
combinations of the functions Z'£)t,i3 '■ 

(a) the matrix coefficients depend only upon the classical cohomology 
of X and universal series, 

(b) the matrix is unipotent and upper-triangular with respect to the 
descendent partial ordering. 

By Conjecture 4, each element of Z'gw,(3 is a canonical linear combination, 

8 



where the omitted terms are strictly lower in the partial ordering. 

We do not yet have a complete formula for the canonical matrix of Con- 
jecture 4. However, for the descendents of the point class [P] G H^{X,Z), 
we can formulate a precise conjecture. 

Conjecture 4'. After the change of variables e*'" = —q, 

if codim(7;J > for each i. 

2.5 Reactions 

We believe the upper-triangular matrix of Conjecture 4 is determined by two 
types of reactions: 

'ra{ll)ra'{ll') -^ Aa,a'{lhll') Ta+a'-lill^l'l) 

The linear combination (j3)) should be generated by applying the two reactions 
to the Gromov-Witten insertions 

to exhaustion and then interpreting the output in Donaldson-Thomas theory. 
For example, 

i-qr'^' E ( n Ak-^^li^liTxy~' U 70 ) ^'dt {h-MiTxY U 70) • 

The resulting matrix will be upper-triangular with respect to the reaction 
partial ordering, a refinement of the descendent partial ordering. We further 
speculate that the reaction amplitudes, 



are given by universal formulas depending only upon the classical cohomology 
of X (including possibly the Hodge decomposition). Conjectures 3, 4, and 4' 
are all consequences of the reaction view of the GW/DT correspondence for 
descendent fields. 

2.6 An example 

Let X be P^ and let (3 be the class [L] of a line. A Gromov-Witten calculation 
using localization and known Hodge integral evaluations yields the following 
result, 

Z'aw{x-,u I r,{L)n{P)) ^^^ = (^^^) cosiu/2)u~^ 

see jZlinj- By Conjecture 4', 

^iu/2 „— m/2 „m/2 _i_ „— m/2 

= Hu)H-qr- '—^ U-' 

in I 

The resulting Donaldson-Thomas series can be checked order by order in q 
via localization. 

3 The GW/DT correspondence for relative 
theories 

3.1 GW theory 

Let X be a nonsingular, projective 3-fold and let S" C X be a nonsingular 
divisor. The Gromov-Witten theory of X relative to S has been defined in 
liinilinilll- Let /3 G H2{X,Z) be a curve class satisfying 

[S] > 0. 

/3 
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Let /^ be an ordered partition, 

Ja 



with positive parts. The moduh space M^^^^X/S, P, f^) parameterizes stable 
relative maps with possibly disconnected domains and relative multiplicities 
determined by /^. As usual, the connected components of the domain are 
required to map nontrivially. The target of a relative map is allowed to be a 
fc-step degeneration, X[k], of X along S, see [T^ . 

The relative conditions in the theory correspond to partitions weighted by 
the cohomology of S. Let 6i, . . . , 6ms ^^ ^ basis of H*{S, Q). A cohomology 
weighted partition rj consists of an unordered set of pairs, 

{{r]i,6e,),...,{r]s,6ij}, 

where YljVj is an unordered partition of LfS*]. The automorphism group, 
Aut(?7), consists of permutation symmetries of rj. 
The standard order on the parts of rj is 

if rji > rji' or if rji = rji/ and ii > £j/. Let V denote the partition (r/i, . . . , rjs) 
obtained from the standard order. 

Relative Gromov-Witten invariants are defined by integration against the 
virtual class of the moduli of maps. Let 71, ... , 7^^ be a basis of H*{X, Q), 
and let 

1 






Here, the second evaluations, 

ev,:M;^,(X/^,/?,?)^5. 
are determined by the relative points. 
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The Gromov-Witten invariant is defined for unordered weiglited partitions 
f]. However, to fix tlie sign, the integrand on the right side requires an 
ordering. The ordering is corrected by the automorphism prefactor. 

As before, we will require the associated Gromov-Witten partition func- 
tion, 

^'gw{x/S;u I llnAik)) = J2(flnXik) \vy,,p u^'-'- (5) 



The definitions here parallel those of Section 12.11 

3.2 DT theory 

3.2.1 Stable relative ideal sheaves 

Relative Donaldson- Thomas theory is defined via integration over the moduli 
space of relative ideal sheaves. We outline J. Li's definition of the relative 
theory here [El- A full foundational treatment has not yet been written. 

Let X be a nonsingular, projective 3-fold and let S* C X be a nonsingular 
divisor. Let X be an ideal sheaf on X with associated subscheme Y . The 
ideal sheaf X is relative to S if the natural map, 

is injective. Relativity may be viewed as a transversality condition of Y with 
respect to S. In particular, the scheme theoretic intersection, Y f\ S, defines 
an element of the Hilbert scheme. 



Hilb(5, / [5]), 

J/3 

of points of S. 

Relativity is an open condition on ideal sheaves on X. A proper mod- 
uli space, In{X/S, P), of relative ideal sheaves is constructed by considering 
stable ideal sheaves relative on the degenerations X[k] of X. 

Let Sq, . . . , Sk denote the canonical images of S in the degeneration X[k]. 
Here, Sq, . . . , Sk-i are the singular divisors, and Sk is the transform of the 
original relative divisor. An ideal sheaf on X[k] is predeformable if, for every 
singular divisor Si C X[k], the induced map, 

12 



is injective. 

Let Yq, . . . , Ifc be the restrictions of Y to the components of X[k] with Y^ 
and Yfc+i incident Sk- The predeformabihty condition at the singular divisor 
5"/ can be restated in the following form: Yi and YJ+i are transverse to Si 
with equal scheme theoretic intersections, 

YinSi = Yi+, nSic Si. 

Ideal sheaves Xi and X2 on the degenerations X[fci] and X[A;2] are isomor- 
phic if ki = ^2 and there exists an isomorphism of varieties 

a : X[k^] -^ X[k2\ 

over X such that 

o-*{J2 -^ Ox[k2]} - {^1 -^ C'xlfci]}, 

where the isomorphism a*Oxik2] — ^x[ki] is the identity. The automorphism 
group, Aut(X), is the set of equivalences of X to itself. A predeformable ideal 
sheaf X on X[k] relative to Sk is stable if Aut(X) is finite. 

The moduh space, In{X/S, P), parameterizes stable, predeformable, ideal 
sheaves X on degenerations X [k] relative 5"^ satisfying 

x{Oy) = n 

and 

Ti,[Y]=(5eH2{X,Z), 

where ti : X[k] ^ X is the canonical stabilization map. The moduli space 
In{X/S,l3) is a complete, Deligne-Mumford stack equipped with a canonical 
perfect obstruction theory. 

Relative Donaldson-Thomas theory is defined via integration against the 
associated virtual class. The primary and descendent fields are defined via 
the Chern characters of the universal ideal sheaf 3 on the universal product 
stack following Section 12.21 The predeformabihty condition is expected to 
imply the existence of finite resolutions of Z by locally free sheaves. The 
relative conditions in the theory are defined via the canonical intersection 
map, 

e:UX/S,P)^mihiS, [[S]), 
to the Hilbert scheme of points. 

13 



3.2.2 The Nakajima basis 

The cohomology of the Hilbert scheme of points of 5* has a canonical basis 
indexed by cohomology weighted partitions. The basis is obtained from the 
representation of the Heisenberg algebra on the cohomologies of the Hilbert 
schemes of points jHl CS] • 

Let ?7 be a cohomology weighted partition with respect to the basis 
^1, . . . , 6ms of H*{S, Q). Following the notation of [ini, let 

C, = ^ PsAvi] ■ --PsAvs] ■ 1 G H*{mh{S, \v\),Q), (6) 



where 



div) = Y[vi |Aut(r7)| 



and \ri\ = Y2- rjj. In the presence of odd cohomology, the sign of C^ is fixed 
by placing the operator product © in standard order. 

The Nakajima basis of the cohomology of Hilb(S', k) is the set, 

see [T^ . 

We assume the cohomology basis of S is self dual with respect to the 
Poincare pairing. Then, to each weighted partition rj, a dual partition 77^ 
is defined by taking the Poincare duals of the cohomology weights. The 
Nakajima basis is orthogonal with respect to the Poincare pairing on the 
cohomology of the Hilbert scheme, 

CriL! Ci, = S^^r/V , (7) 

Hilb(5,A:) d[V) 



see pun]. 

3.2.3 Relative Donaldson-Thomas invariants 

Relative Donaldson-Thomas invariants are defined via integration over the 
moduli spaces of stable relative sheaves. The relative and absolute moduli 
spaces have the same deformation theories on the open set of ideal sheaves 
on X relative to S. Hence, In{X/S,P) has virtual dimension Lci(X) by 
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Lemma n Though the open set may be empty, the conclusion is correct, and 
we leave the details to the reader. 

The descendent invariants in relative Donaldson-Thomas theory are de- 
fined by 

(rfc,(7zj ■ --hMr) \v)n,p = [ n(-l)^'-+^ch,,+2(7/J n e*iC,). 

JlIniX/SM"*"- i = l 

Define the associated partition function by 

r r 

As before the charge n in the sum (j2)) is bounded from below. 

The reduced partition function is obtained by formally removing the de- 
gree contributions, 



1=1 



We conjecture a complete formula for degree relative theory. Let VLx [S] 
denote the locally free sheaf of differential forms of X with logarithmic poles 
along S. Let 

Tx[-S]=nx[S]\ 

denote the dual sheaf of tangent fields with logarithmic zeros. Let 

Kx[S]=K'nx[S] 

denote the logarithmic canonical class. 

Conjecture IR. The degree relative Donaldson- Thomas partition function 
for a 3-fold X is determined by: 



Zdt{X/S- q)o = M{-qyx-^iTx[-sm^ 



[S]) 



If 5* is empty. Conjecture IR specializes to Conjecture 1' of [Hj. A proof 
of Conjecture IR in the toric case is presented in Section |3] As before, we 
conjecture the reduced series are rational functions of q. 
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Conjecture 2R. The reduced series Z'^y(X/S';g | YVi=i^kXlk)) g i^ ^ ^^~ 
tional function of q. 



3.3 Primary fields 

We restrict our discussion of the relative GW/DT correspondence to the 
primary fields. A treatment of the descendent correspondence at the level of 
Section 12.41 is left to the reader. In particular, we do not know the precise 
formulas for the descendent correspondence. 

Conjecture 3R. After the change of variables e*" = —q, 



V «=1 / I3,r] 

{-q)-'/'r^Jx/S;q\ Hfoilk] 

where d = Lci(Tx) and £(77) denotes the length of r]. 

We present the simplest example in which all the features of the corre- 
spondence are visible. Let D be a nonsingular surface, and let 

X = P^ xD. 

Let 0, 00 G P^ be two points in the base, and let Do and Dqo be the associated 
fibers. Let 

[P']eH2ix,z) 

denote the class of the horizontal P^, and let (3 = m[P^]. We will consider 
the theories of X relative to the divisors Dq and D^o in the curve class (3. 

Since there are two divisors, the boundary conditions of the relative the- 
ories are specified by two partitions 1] and u weighted by the cohomology of 
D. The relative Gromov-Witten theory is particularly simple to compute. A 
direct calculation yields the answer. 
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Our correspondence predicts the associated Donaldson- Thomas series, 

(_T\m-eirj) 



using the relation d = 2m in the last equality. 

The moduh space Im{X/DQ U Doo,P) is isomorphic to Hilb(D,m). The 
Donaldson-Thomas invariant is therefore a classical intersection product, 



(^1 W)m,l3 = CrfU C„. 

Juilh(D,m) 

The g™ term of the predicted Donaldson- Thomas series is thus correct by 
([7j) . The division of the degree series does not affect the first term. 

3.4 The degeneration formula 

The relative theories satisfy degeneration formulas. Let 

be a nonsingular 4-fold fibered over a nonsingular, irreducible curve. Let X 
be a nonsingular fiber of A, and let 

Xi Us X2 

be a reducible special fiber consisting of two nonsingular 3-folds intersect- 
ing transversely along a nonsingular surface 5*. The degeneration formulas 
express the absolute invariants of X via the relative invariants of Xi/S and 
X2/S. We will show the degeneration formulas of the relative theories are 
compatible with the GW/DT correspondence for primary fields. 

The degeneration formula for Gromov-Witten theory is naturally written 
in terms of the absolute and relative partition functions. 



Z'aw{X\l[To{^ 
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where the sum is over curve sphttings /3i + /32 = /?, marking partitions 

PiUP2 = {l,...,r}, 

and cohomology weighted partitions 77. The central factor on the right ac- 
counts for the multiphcities and the shift in the genus variable u. A proof 
can be found in H UHl 1121 • 

The degeneration formula for Donaldson- Thomas theory takes a very sim- 
ilar form, 

z',,T(^iri^o(7.. 

l^^DT ^1 11 ^0(7j I -^^ ^DT ^111^0(7/. 

where the sum is as before. The central factor on the right accounts for the 
diagonal splitting, 

[A] = Y^ {-lf''^''h{'n) Cr, ® C^v G if*(Hilb(5, k) X Hilb(5, fc), Q), 

\r)\=k 



and the shift in the charge variable q. The proof should follow ^2] but has 
yet to be written. 

The compatibility between the degeneration formulas and the GW/DT 
correspondence is straightforward. Let d = Lci(X) as before, and let 



di 

'ft 



/ ci(X,). 
We have a partition of the total degree d, 

d = di + d2-2 [ [S] 

= (d^-lvD + id^-lv^'l). 

Using the degree partition, the degeneration formulas for the relative theories 
are equivalent via the GW/DT correspondence. 



18 



4 The equivariant vertex measure 

4.1 Summary 

Let T be a 3- dimensional complex torus with coordinates t,. Let T act on 
A^ with coordinates Xi by 

{ti,t2,h) ■ Xi = Uxi . (9) 

In these coordinates, the tangent representation at the origin G A'^ has 
character t^^ + t^^ + t^^ . 

Let TT be a 3-dimensional partition with three outgoing 2-dimensional 
partitions Ai, A2, and A3. The equivariant vertex V^ arises in the localization 
formula for the Donaldson-Thomas theory of toric 3-folds J^ . 

The equivariant vertex determines a natural 3-parametric family of mea- 
sures w on 3-dimensional partitions. The measure of vr is defined by 



w(vr)= \{{s,k) 



fcgZ3 



where s = (si, S2, S3) are parameters, ( ■ , ■ ) denotes the standard inner prod- 
uct, and Vfc is the coefficient of t^ in V^r. 

Consider the generating series of the equivariant vertex measures of 3- 
dimensional partitions vr with fixed outgoing 2-dimensional partitions, 

W(Ai,A2,A3)=5^w(7r)gW. 

TT 

Here |7r| is defined as the (signed) number of boxes obtained by formally 
removing the infinite outgoing cylinders 



Theorem 1. For finite 3-dimensional partitions, 

W(0,0,0) = M{-q) ^T^i^i . 

Our proof is independent of the conjectural GW/DT correspondence. 
However, relative Donaldson-Thomas theory plays an essential role. 
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4.2 Equivariant Donaldson-Thomas theory 

Let the 1-dimensional torus T^ act on P^ with tangent weights —si and Si 
at the fixed points and oo. Let the 2-dimensional torus T^ act on C^ with 
weights —S2 and —S3. The torus T = T^ x T^ acts on 

X = P^ X C^ 

preserving the divisor S over 00. We will study the equivariant Donaldson- 
Thomas theory of X relative to S. 

Since X is not projective, the non-equivariant theory is not well-defined. 
However, the T-equivariant theory can be defined via the residue since the 
T-fixed locus of In{X/S, 0) is projective. Let Zj)rp(X/S; g)o denote the degree 
partition function for the equivariant relative theory. 

A rational function / G Q(si, S2, S3) has only monomial poles in the vari- 
ables S2 and S3 if 

rf X P{Sl, 82,83) 
/(Sl,S2,S3) = ^fc^^fc 

for p G Q[si, 82, S3] and k2, h ^ ^• 



"^2 ^3 



Lemma 2. The q coefficients ofZ'^j,[X/S;q)o have only monomial poles in 
the variables 82 and S3. 

Proof. The Hilbert-Chow morphism and the collapsing maps, 

X[k] ^X, 
together yield a T-equivariant, proper morphism, 

ii:In{X/S,0)^Sjm^{X). 
The projection X -^ C^ yields a T-equivariant, proper morphism, 

i2 : Sym"(X) -^ Sym"(C2). 
Finally, a T-equivariant, proper morphism, 

^3 : Sym"(C2) ^ ©"^C^, 
is obtain via the higher moments, 

i i i i i i 
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Let j = L3 o i2 o ti. 

The virtual class [In{X/S, 0)]™'' is an element of the T-equivariant Chow 
ring of In{X/S, 0). Since j is T-equivariant and proper, 



/ 1= / Uin{x/s,o)Y 



[/„(x/5,o)]^*'- ^e^c2 

where J denotes T-equivariant integration. Since the space ©"C^ has a 
unique T-fixed point with tangent weights, 

-S2, -S3, -2s2, -2s3, . . . , -ns2, -ns3, 

we conclude the integral 

uux/s,o)r^, 

has only monomial poles in the variables S2 and S3. D 

4.3 Localization 

The T-fixed loci of In{X/S, 0) lie over either or cxd. The fixed points over 
correspond to finite 3-dimensional partitions with localization contributions 
to Zlj,{X/S; q)o determined by W(0, 0, 0), see [HI. 

A Donaldson-Thomas theory of rubber naturally arises on the fixed loci 
of In{X/S, 0) over 00. Let 

i? = pi X C^ 

and let 5*0 and 5*00 denote the divisors over and cxd respectively. Let T^ 
act on C^ with weights —S2 and —S3. We will consider the T^-equivariant 
Donaldson-Thomas rubber theory of R relative to Sq and S^o- For the rubber 
theory, sheaves differing by the T^ action on P^ are identified. We denote 
the rubber theory by a superscripted tilde. 

The rubber moduli space In{R/So U 5*00, 0) "carries cotangent lines at the 
dynamical points and 00 of P^. Let ipo denote the class of the cotangent 
line at 0. Let 



Woo = 1 + V / 

~r. Ju 



1 



„>1 ^[/n(R/S'oUS'oc,0) -]-"■ -Si - V^O ' 
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where J here denotes T^-equivariant integration. The leading term 1 may 
be viewed as a degenerate n = contribution. By the virtual localization 
formula applied to the relative Donaldson-Thomas theory of X/S, the series 
Woo generates the localization contributions to Zj)rp(X/S; g)o of the T-fixed 
points over oo. 

The product of the localization contributions over and oo yields the 
partition function, 

Zlr,{X/S- g)o = W(0, 0, 0) ■ Woo. (10) 

Consider the T^-equivariant rubber theory without any cotangent line 
insertions, 

„>o A^niR/SoUS^fl)-]^'^ 
By definition, 

W(0,0,0), WooGQ(Si,S2,S3)[[g]], 

and 

FooGQ(s2,S3)[[g]]. 

Lemma 3. logW^oo = j;^oo- 

Proof. We first expand Woo by powers of the cotangent line, 

Woo = l + $^-^Foo,Z, 

i>o -^1 



where 



Foo,/ = 5^g"/ 4- 



„>1 ^[/n(i?/SoUSoc,0)-]-' 

Next, we apply a version of the topological recursion relation to induc- 
tively calculate Poo,;- Let 

TT:yn^In{R/SoUS^,0)~ 

be the universal subscheme over the moduli space. The morphism vr is finite, 
fiat, and compatible with the T^-action. Therefore, 



1 p 



n>0 "^ [^" 
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where the virtual class of y is defined as the pull-back of the virtual class of 
the moduli space by vr. The canonical map, 

f:yn^R[k], 

projects further to P^[/c], the associated degeneration of the base P^. By 
the definition of the relative moduli space, the image in P^[k] is always 
disjoint from the relative points and cxd and the nodes. Hence, the family 
of degenerating bases over 3^„ has three disjoint nonsingular sections. 

The application of the topological recursion relation determined by the 
three sections to ipQ yields the following equation, 

^ c _ c ^ c 

aq aq 



The solution, 



oo,Z 



H+1 
■^00,0 



(/ + !)!' 
is easily found. We conclude Wqo = exp(— Fqo). □ 



'Sl 



4.4 Proof of Theorem [T] 

The logarithm of equation (fTUI) yields the relation, 

log W(0, 0, 0) = log Zl^iX/S; q) - \og\N^. 
By Lemmas El and El the q coefficients of log W(0, 0, 0) are of the form 

1 Pl(gl,g2,53) 

where the pi are polynomials. Since the equivariant vertex measure is a 
degree rational function [Hj, 

deg(pi) = 1 + deg(p2)- 

Since the series W(0,0,0) is symmetric in the variables Si, S2, and S3, we 
conclude, 

logW(0,0,0) = ^^Fo(g,si,S2,S3), 
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where Fq G Q[si, S2, S3][[q]]. The coefficients of Fq must be cubic polynomials. 
By LemmaEJbelow, the g" coefficient of W(0, 0, 0) is divisible by the cubic 
factor (si + S2)(si + S3)(s2 + S3) for all n > 0. Hence, 

,ogW(0.0.0) = (£i±iH)(£i±ii)(fi±i2)F„(,). 

S1S2S3 

The equivariant vertex measure is evaluated in the Calabi-Yau specialization 
in [m, 

logW(0,0,0)|,,+,,+,,=o = M(-g). 

Hence, Fq = -M(-g). D 

Lemma 4. The g" coefficient of W(0, 0, 0) is divisible by the cubic factor 
{si + S2){si + S3){s2 + S3) for all n> 0. 

Proof. We will show the factor si + S2 occurs with positive multiplicity in 
the equivariant vertex measure w('7r) for any finite plane partition vr. By 
symmetry, the cyclic permutations of Si + S2 also occur in w(7r) with positive 
multiplicity. 

Following the notation of jHj, let Qn(ti,t2,t3) be the characteristic poly- 
nomial of the partition vr. Then, the character of the virtual tangent space 
at vr is given by 

V7r(tl, t2, ts) = Qtt — h QttQtt , 

tlt2t3 tit2tz 

where 077(^1,^2,^3) = QT,{t^^,t2^,t3^). The vertex measure is obtained from 
Vtt via the prescription 



Y, ±t\ti4 -> ll{^s^ + JS2 + ks^r'. 



Hence, the monomials of the form t\t\t^ in Vt^ are those which contribute a 
factor of Si + S2 to w(7r). The total multiplicity of Si + S2 is the negative of 
the constant term in the Laurent polynomial V,r(2;, a;~^, ^3). 

Let p be a 2-dimensional partition. The content of the box (r, s) in p is 
r—s. The slices of vr perpendicular to the z direction determine 2-dimensional 
partitions 

7ro,vri,7r2, . . . . 
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Let Oj J- be the number of boxes in ttj with content i. For convenience, we set 
ttij = for j < 0. By definition, Qt^^x, x~^,t3) = ^^ • aijxHi^. 

The constant term of V,r(a^, a^~^,^3) may be expressed in terms of the 
contents. Using 

V.(x, x-\ ts) = g.(x, x-\h) - ^"^""'f"''^^^ + Q.g.(2 - X - -)(^ - 1), 

13 X 13 

we find the constant term equals 

0-0,0+ / ^ ['^<^ij+l<^ij~<^ij+l(^i+lj~(^i+lj+l0'i,j)~{^0,i,j(^i,j~(^i,j(^i+l,j~0,i+l,j0,i,j)- 

i,jez 
We rewrite the constant term in a factored form, 



C^O.O + 2_^ ( ('^«J+l ~ (^i+l,j+l){(^i,j ~ (^i+l 



,j) ~ V^ij ~ '^j+lj) 



«Jt 



which equals 



0-2 Z_^ \\^id ~ ^i+i,j) ~ ('^i,i+l " (^i+l,j+l)j ■ (11) 



ao 

Since (oj^o — ^i+i.o) = ±1 or 0, we see 

Oo,0 = /_^{O'i,0 ~ Oj+1,0) = ^^l^^j.o ~ <^i+i,o) 

i>0 i>0 

with a similar equality for z < 0. Therefore, ao,o precisely cancels the j = —1 
term in ()lip. yielding the expression 

~2 ^ ^^"'''^ ^ ^«+ij) ~ (^»j+i " o-i+i.i+i)) (12) 

jez,j>o 

for the constant term of V7r(x,x^"'^, ^3). 

We conclude flT^ is negative since aij = for j sufficiently large. Hence, 
the multiplicity of Si + S2 in w(7r) is strictly positive. D 

Corollary 1. The degree localization contributions over 00 are: 

Woo = M(-g)^^. 

Proof. By Lemmas |21 and El the Corollary is obtained by extracting the pole 
insiof logW(0,0,0). D 
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4.5 Degree results for toric 3-folds 

Let X be a nonsingular, projective, toric 3-fold equipped with a T-action, 
and let S* C X be a nonsingular toric divisor. 

Theorem 2. Zot(^; g)o = M(-g)/x^3(Tx®Xx)_ 

Proof. Let {Xa} denote the set of T-fixed points of X. By localization, 
ZnTiX;q)o = ll W(0, 0, 0)|,,=_,., 






where s", S2 , s" are the tangent weights at X^- By Theorem ^ 

log Z..(A-; ,)„ = ( 5; tif^ilK^I^-liltfi^iil) . log Af (-,). 



jj^0203 



The prefactor on the right is equal to J^ c^iTx ®Kx) by a direct application 
of the Bott residue formula. D 

Theorem 3. Z^r W^; g)o = M(-g)/xC3(T'x[-5]®Kx[5])^ 

Proof. Let {S^} denote the set of T-fixed points of S. Let si be the normal 
weight to S at S'-y, and let Sj, sj^ be the tangent weights to S at S.y. By 
localization, 

ZDT{X/S-q), = n W(0, 0,0) !,,=_,.,,,=_,., ,3=_,. • 

By Theorem Hand Corollary ^ 

logZMX/S;q)o _ ^ {-s^ - 4)(-3? - s^){-s^ - gg) ^ -s^ - si 
log M{-q) £^^ s^s^s^ ^ si 

The weights of Tx[—S] ® -ft'x['S'] at S-y are 

7777 

"■^2 ~ -^S) "■^25 "-^S- 

Hence, the right side is equal to J^ C3(Tx[—S] ® Kx[S]) by the Bott residue 
formula. D 
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4.6 Evaluations in higher degrees 

While the equivariant vertex measure has a simple formula in degree 1, 

s2+''3 (si+s2)(si+33)(32+«3) 

W(1,0,0) = (l + g)^^M(-g) ^^^^ , 

the higher degree cases are more subtle. We will study the evaluations in 
degrees 1 and higher in a future paper. 
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